Abstract This paper presents a discontinuous Galerkin weak form for bond-based peridynamic models to predict the damage of fiber-reinforced composite laminates. To represent the anisotropy of a laminate in a peridynamic model, a lamina is simplified as a transversely isotropic medium under a plane stress condition. The laminated structure is modeled by stacking the surface mesh layers along the thickness direction according to the laminate sequence. To avoid a mesh dependence on either the fiber orientation or the discretization, the spherical harmonic expansion theory is employed to construct a function for the micro-elastic modulus in terms of the bond-fiber angle. The laminate material is decomposed into an isotropic matrix material part and a transversely isotropic material part. The bond stiffness can be evaluated using the engineering material constants, based on the equivalence between the elastic energy density in the peridynamic theory and the elastic energy density in the classic continuum mechanics theory. Benchmark tests are conducted to verify the proposed model. Numerical results illustrate that the convergence of simulations with different horizon sizes and meshes can be achieved. In terms of damage analysis, the proposed model can capture the dynamic process of the complex coupling of the innerlayer and delamination damage modes.
Introduction
Fiber-reinforced composites are extensively adopted in modern structural design, especially in the automotive and aerospace industries. Because of the heterogeneous nature and complex damage patterns observed in laminated composites, the numerical modeling of damage in these materials remains a challenge after decades of research efforts in this field. Unlike isotropic materials, composite materials have varying strength along different orientations, resulting in a unique material response under dynamic loadings and complex damage manners. To model evolving discontinuities, the mesh-based finite element method (FEM) uses either a element-deletion method (Johnson and Stryk 1987; Belytschko and Lin 1987) or cohesive elements (Xu and Needleman 1994) . Alternative methods to model dynamic crack propagation are meshfree methods (Ren and Li 2012; Wu et al. 2016 ) and the eXtended finite element method (XFEM) (Moës et al. 1999) , which keep track of crack surfaces with sophisticated bookkeeping algorithms. However, these numerical treatments are phenomenological and problematic, because they not only ruin the consistency of the material property before and after fracture but also lead to a convergence problem even for an isotropic material. On the other hand, to evade the spatial differential operation in the classical continuum mechanics theory near crack surfaces, continuum weakly or strongly nonlocal models have been developed (Chen et al. 2000) . These models lead to a formulation where spatial derivative terms in the weak form of the corresponding governing equations are replaced by nonlocal integral terms.
To avoid the intrinsic incompatibility between strong discontinuities in the displacement field, emerging from the fracture process, and the continuum hypothesis of the classical continuum mechanics theory, nonlocal theories have been developed since the late 1960s (Kröner 1967) . In a nonlocal model, the kinematics of a material point depends on the interaction between that point and its near vicinity within a finite region. Peridynamics is a strongly nonlocal theory proposed by Silling (2000) , Silling et al. (2007) . This theory has been considered as a viable and effective formulation for structural failure analysis. The peridynamic theory replaces the spatial differential operator in the classical continuum mechanics theory by a nonlocal integral operator, where spatial differentiability assumptions are removed thus allowing strong discontinuities in a domain to be naturally represented by peridynamic models. The original peridynamic theory, named the bond-based peridynamic theory, was presented in 2000, with an example of fracture in brittle materials (Silling 2000) . In a bond-based peridynamic model, each material point interacts with its neighbors within a finite region. The interaction between two material points is called a "bond," and the response of a given bond in a bond-based peridynamic model is assumed independent from other bonds. In comparison to the state-based peridynamic theory Foster et al. 2010; Wu and Ren 2015; Han et al. 2016; Zhang 2016; Kilic et al. 2006; Lai et al. 2015) , the bond-based peridynamic theory is well-developed and has been applied to the simulation of damage and failure in brittle materials Gerstle et al. 2007; Xu et al. 2008) . Since the relative angle between a bond and the fiber orientation represents the fiber directions, the peridynamic theory has an inherent advantage in the modeling of fiberreinforced composite laminates. Madenci and Oterkus (2014) ; Oterkus (2010) considered a fiber-reinforced composite lamina as a two-dimensional orthotropic material. The peridynamic bonds were classified into four types: fiber bonds, matrix bonds, inter-lamina normal and shear bonds. Xu et al. (2008) classified the bonds as either fiber bonds or matrix bonds, to reproduce the anisotropy of a fiber-reinforced composite lamina. To represent the heterogeneity of the laminate, they rotated the two-dimensional lamina grid to make the mesh aligned with the fiber orientation for different laminae. Hu et al. (2011) decomposed the anisotropic material into longitudinal and transverse components to determine the micro-elastic modulus of each type of bond, either a matrix bond or a fiber bond. Due to the inherent anisotropy of a fiber-reinforced composite, Hu et al. (2014) assigned distinct micro-elastic moduli to the bonds to describe the anisotropy. The bonds were classified as either longitudinal bonds or transverse bonds. In their work, they used an influence function (Seleson and Parks 2011) to introduce the dependence of the interaction strength on the bond length. Different damage indicators associated with the various damage manners of the fiber-reinforced composite were introduced as well. Hu et al. (2015) presented a new approach to break the inter-layer peridynamic bonds. The critical stretch of a bond was determined by the measured critical energy release rates for mode I, II, and III fracture. With this model, the progressive delamination failure was predicted in a double cantilever beam structure. To avoid mesh dependency on the fiber orientation, two scaling factors were adopted to calibrate the micro-elastic modulus with the uniform grids which aligned with the fiber orientation ). Hu and Madenci (2016) presented a new peridynamic approach for modeling composite laminates with arbitrary fiber orientation and stacking sequence. In their work, the bonds were classified as in-plane normal, in-plane shear, transverse normal and transverse shear peridynamic bonds to describe normal and shear deformations, respectively. The strain components of a bond were calculated through the relative displacement of two bond points under a small deformation assumption. Bond forces arise from the deformation of the bonds and they depend on classical material constants. To remove mesh dependency, Ghajari et al. (2014) represented the anisotropy of a twodimensional orthotropic medium with arbitrary orientation using a continuous function. With this function, the micro-elastic modulus of a bond could be calculated directly from the classical material constants.
This paper intends to provide a numerical model in the sense of homogenization and simulate the complex damage manner of laminate composites. A peridynamic material model for fiber-reinforced composite laminates is presented, which can represent anisotropy with arbitrary fiber orientation without mesh dependency. Following Ghajari et al. (2014) , who considered a two-dimensional unidirectional material, the microelastic modulus in the principal material coordinate system can be described by a spherical harmonic expansion. Peridynamic bonds are classified into two types: inner-layer bonds (based on the spherical harmonic expansion) and inter-layer bonds. Instead of modeling brittle fracture as a quasi-static problem, threedimensional explicit dynamics is simulated using bondbased peridynamic formulas constructed with the discontinuous Galerkin theory (Ren et al. 2017) . Discretization of peridynamic models often employs a nodal spatial integration (Silling and Askari 2005) . This meshfree discretization requires a special numerical treatment for the essential boundary conditions, which is difficult to employ for a three-dimensional problem with a complex geometric shape. In addition, it has been observed that a meshfree discretization in peridynamics can exhibit poor convergence behavior (Seleson and Littlewood 2016 ). An alternative way to perform the spatial integration and prevent those numerical issues is the construction of an approximation of the displacement field using finite element shape functions (Azdoud et al. 2014 ) over a mesh. It has been verified that peridynamic models can be implemented within the finite element framework and improve the performance of peridynamic simulations (Chen and Gunzburger 2011) .
The remainder of this paper is as follows. In Sect. 2, a discontinuous Galerkin weak form for peridynamic governing equations is described. In Sect. 3, a peridynamic model for fiber-reinforced composite laminates with arbitrary fiber orientations is presented. Numerical simulations are conducted to validate the proposed model in Sect. 4, which demonstrate the effectiveness of the model and the discretization method used. Finally, concluding remarks are given in Sect. 5.
The peridynamic discontinuous Galerkin weak formulation
The bond-based peridynamics is a strongly nonlocal theory. The dynamics of a peridynamic point is governed by the collection of the interaction forces of all its bonds. Given a domain ∈ R 3 , the peridynamic equation of motion for a material point X ∈ in the reference configuration at time t ≥ 0 is:
where H X is the neighborhood of X defined as H X := X ∈ | X − X ≤ δ and the parameter δ is named the horizon. In (1), ρ is the mass density and u is the displacement field. The bond ξ = ξ (X, X ) = X − X denotes the relative position vector in the reference configuration, and the vector η = η(X, X ) = u X , t − u(X, t) denotes the corresponding relative displacement. The pairwise force function f is assumed collinear with the deformed bond, which ensures conservation of angular momentum. Furthermore, the property of the pairwise force function f (−η, −ξ ) = − f (η, ξ ) ensures conservation of linear momentum (Silling 2000; Madenci and Oterkus 2014) . The vector b is a prescribed body force density field.
Elastic materials in the bond-based peridynamic theory are represented by micro-elastic material models, for which the pairwise force function is related to a pairwise potential function or micro-potential, w, by
where the micro-potential is the measurement of the elastic energy in a bond (Silling 2000; Madenci and Oterkus 2014) . The elastic energy density at X,W , can be computed through the collection of all its bonds:
The functional form of the micro-potential depends on the type of material. A common constitutive model for brittle materials in peridynamics is the prototype micro-elastic brittle (PMB) material model (Silling and Askari 2005) . In this model, bonds behave like elastic springs and the micro-potential of a bond is given by
where c is the bond stiffness constant or micro-elastic modulus and s is the bond stretch:
Equation (4) represents an isotropic material, and thus the micro-elastic modulus c is assumed to be bondindependent. The bond force is calculated as [cf. (2)]
Equation (1) can be implemented straightforwardly with a meshfree discretization based on the strong form of the equation (Silling and Askari 2005; Seleson and Littlewood 2016) . The accuracy of nodal integration drops with non-uniform meshes and stability problems rise. The FEM is implemented with a weak form as a stabilized approach. As the governing equation in classic mechincs theory, a weak form of Eq.
(1) can be constructed as well. Given a computational domain, , and essential boundary conditions in S u , the solution of Eq. (1) belongs to a subspace of a restrictive Banach space:
Then, the Galerkin weak formulation of Eq. (1) is posed as follows:
where the time dependence has been omitted for brevity and ρ is assumed constant. In the discontinuous Galerkin theory, the solution space is discretized by piecewise continuous facets, which are spliced seamlessly throughout the domain. The finite element shape functions are used to approximate the continuous facets in Eq. (7). In contrast to a continuous Galerkin finite element mesh, where adjacent elements share nodes, the elements of a discontinuous Galerkin finite element mesh have their own indices of nodes, i.e., N n = N e * N E, where N n , N e , and NE are the total number of nodes, the number of elements, and the number of nodes per element, respectively. The discontinuous Galerkin finite element mesh can be generated from a regular FEM mesh by duplicating all the shared nodes. The discontinuous Galerkin finite element method with local classical constitutive laws needs additional constraints, such as a flux function to transfer momentum between adjacent elements. However, those additional constraints are not necessary in the nonlocal peridynamic theory because the effect of bonds will cross elements. A similar consideration regarding interface conditions in the context of nonlocal diffusion problems has been discussed in Seleson et al. (2013) . The discretized peridynamic equations under the discontinuous Galerkin finite element framework are given by Ren et al. (2017) :
where ng denotes the total number of Gaussian points in the domain, X g is the regular Gaussian point, N B (X g ) is the Bth finite element shape function evaluated at the Gaussian point, V g is the incremental volume of X g , and ng is the number of neighbors of X g . The point X g (another Gaussian point) may belong to a different element than that of X g . This means that the zone influenced by X g extends beyond its own element. Consequently, the additional constraints are not necessary. The reason for this is that, even though the discontinuous Galerkin finite elements are separated, the nonlocal bond forces connect all the points, X g , to a finite continuous region before fracture occurs thus resulting in a connectivity between elements. As shown in Eq. (8), the long-range force term in peridynamics is cast in an FEM-like discretization as a double summation. In Ren et al. (2017) , various benchmark fracture problems demonstrated satisfactory convergence of numerical simulations.
It is noted that like regular FEM, in which the stress status is calculated at a Gaussian point, the bond force is calculated at a Gaussian point as well in Eq. (8). The bond force is however a function of the relative displacement of two Gaussian points [in Eq. (6), two points X, X are replaced by X g , X g ] that implies the bond force is calculated at the approximated displacement field similarly to the stress calculation in regular FEM. 
The peridynamic discretization of a laminate
A laminated composite consists of a laminae stacking sequence with laminae perpendicular to the thickness direction and has a specific fiber orientation within each lamina. The angle denotes the orientation of fibers within a lamina. In Fig. 1 , the axes 1-2 represent the principal material configuration. In bond-based peridynamic models, the kinematics of a material point is determined through its bond forces. This unique feature presents peridynamics as a suitable theory for the representation of the anisotropy of a laminate. As mentioned in Sect. 2, each bond behaves as an elastic spring. Thus, the heterogeneity of a material can be modeled by assigning a different micro-elastic modulus c to each bond, as a function of the angle . This requires evaluating c for each bond in the laminated composite. The fiber-reinforced composite laminate is usually used as a thin component within an engineering structure. In general, the thickness of a laminate is 100 times smaller than the other two dimensions. Therefore, the lamina thickness can be considered as a micro level parameter compared to the dimensions of the laminate structure. In theory, a multi-scale model would be required to capture the material failure in micro scale, like the debonding of fibers (Liu et al. 2016 ). On the other hand, a peridynamic model simulates the laminate in a homogenized sense. Each lamina is considered as a continuous anisotropic media, and the micro-elastic modulus of a given bond is determined by the relative angle between the bond and the fiber orientation. Under this scenario, the peridynamic laminate model is built up based on the following hypotheses:
1. A lamina is simplified as a transversely isotropic medium with the plane of isotropy perpendicular to the fiber orientation, under a plane stress condition. 2. The whole laminate can be decomposed into an isotropic three-dimensional matrix material, which is isotropic, and a sequence of transversely isotropic plates immersed in the matrix material to represent the effect of the fibers, which will be named as fiber material throughout this paper, as illustrated in Fig. 2 . This hypothesis implies that there is no additional material added at the interface between laminae. 3. A material point in a lamina only interacts with points inside its lamina and its adjacent laminae. 4. A lamina is discretized as a layer of surface elements. By stacking the same surface mesh along the thickness, the laminate mesh is constructed. The bonds in this peridynamic model are classified either as inner-layer bonds or inter-layer bonds, as shown in Fig. 3 .
Unlike other models from the literature, where bonds are classified either as fiber bonds or matrix bonds (Madenci and Oterkus 2014; Hu et al. 2014) , all bonds in a single lamina are treated equally in this work (cf. red bonds in Fig. 3 ). This feature means that the discretization is independent of the fiber orientation. Consequently, the same mesh can be applied to different stacking sequences.
In Fig. 3 , the neighborhood of a material point [a Gaussian point in Eq. (8)] is a cylinder instead of a sphere and the height of the cylinder depends on the thickness of plies. Within a lamina, the bonds can cross several layers of nearby elements. In a nonlocal theory, the radius of such a cylinder may represent a material constant. In the proposed peridynamic model, however, that radius is taken as a numerical length scale. The convergence of simulation results for different horizon values and discretization meshes is studied in Sect. 4.1.
Based on this discretization, the quantities X g , N B (X g ), X g , ξ X g , X g , and V g in Eq. (8) can be calculated by the finite element method using a peridynamic neighbor search algorithm. The deformation of a bond η is the main kinematic quantity and is determined by the displacements solved by Eq. (8) in terms of the bond force f (η, ξ ). In the classical theory of elasticity, the engineering material constants of a transversely isotropic media in plane stress status are: E t , E p , ν t p , ν pt , and μ t . Here, the subscript t denotes the fiber direction, i.e., the 1-axis of the principal material coordinate system, and p denotes the transverse direction, i.e., the 2-or 3-axis. The constants denoted with E refer to a Young's modulus, the constants denoted with ν refer to a Poisson's ratio, and the one denoted with μ is a shear modulus. In practice, there are only four independent constants because of the relation:
The two-dimensional compliance matrix of a transversely isotropic medium in the 1-2 plane of the principal material coordinate system is:
The elasticity tensor can be determined by D 2D = S −1 2D . As shown in Fig. 2 , the laminate is decomposed into an isotropic matrix material part and a sequence of plane stress transversely isotropic layers. Since there is no additive added between laminae, a lamina can be treated as a transversely isotropic material. Consequently, the micro-elastic modulus of the inter-layer bonds is the same as the micro-elastic modulus of the inner-layer bonds perpendicular to the fiber orientation, i.e., ϕ = 90 • in Fig. 3 . Therefore, only the micro-elastic modulus of the inner-layer bonds is required to be computed to obtain the stiffness of all the bonds connected to a material point. If there is glue between two layers, the material constants of interlayer bonds have to be calibrated upon the properties of the glue.
The total elastic energy of a lamina can be split into two parts, one associated with the isotropic matrix material and the other one associated with the fiber material. To evaluate the elastic energy of each part by the classical continuum mechanics theory, the total elasticity tensor, D 2D is decomposed into a matrix part, D m , and a fiber part, D f . According to this decomposition, the elastic stiffness along the 2-axis is assigned to the matrix part which results in D f 22 = 0 in the fiber part. The two-dimensional elasticity tensor D m for the matrix material is:
where the effective Poisson's ratio is taken as v = v t p E p /E t . The elasticity tensor D f for the fiber material can thus be calculated as:
3.3 The equivalent micro-elastic modulus for the peridynamic laminate model
As discussed in Sect. 2, the peridynamic laminate model uses a micro-elastic modulus c to characterize the heterogeneous media. This modulus is determined based on the equivalence between the elastic energy density of the peridynamic model and that of a corresponding classical elasticity model. The elastic energy density of the matrix material at a material point in the classical elasticity theory is:
where i and j are Voigt notation indices, and we assume an isotropic deformation given by 1 = 2 = and 6 = 0. With the same isotropic deformation, the elastic energy density of the matrix material at a material point with the peridynamic model is [cf. Eqs. (3) and (4)]:
where c mt is the micro-elastic modulus contributed by the matrix material, and we have used the fact that for this isotropic deformation the stretch s = . Using the discretization in Sect. 2, W pdmt at each Gaussian point can be calculated. By solving the following linear equation:
the micro-elastic modulus c mt can be determined. To ensure Eq. (14), apparently, the value of c mt depends on D m , which is related to E p and v in Eq. (10) and the computational mesh, i.e., the neighbors of a material point in Eq. (13). It is a distributive value for every Gaussian point. The material constant c mt has the contribution from the matrix material and will be assigned to both inner-layer bonds and inter-layer bonds. The elastic matrix D f depends on the fiber orientation in a given lamina. A lamina with fiber orientation angle θ has the following elastic matrix in the reference configuration according the classic composite mechanics theory (Kaminski 2005) :
where
In Eq. (15), C = cos (θ ) and S = sin (θ ).
In contrast to D m , which is isotropic throughout the whole domain, the matrix D f t changes in each lamina with θ and only contributes to the bond stiffness of inner-layer bonds. The micro-elastic modulus from D f t is a function of ϕ, the bond angle relative to the fiber orientation (cf. Fig. 3 
): c f b (ϕ).
The elastic energy density from the classic elasticity theory with D f t is:
where we assume an isotropic deformation in each lamina given by 1 = 2 = and 6 = 0. With this twodimensional isotropic deformation, the elastic energy density of a material point from the peridynamic model is
where the stretch s = and H X represents a twodimensional inner-layer neighborhood of a material point inside a lamina, described by a disk of radius δ. Unlike the elastic energy density equivalence for the matrix part in Eq. (14), the elastic energy density equivalence for the fiber part,
is related to the angle ϕ. Most of the published peridynamic laminate models take the function c f b (ϕ) as a Heaviside step function:
This assumption makes c f b (ϕ) a discontinuous function and implies that the mesh must be aligned with the fiber orientation to ensure that certain bonds have the fiber direction. To remove this limitation, c f b (ϕ) can be defined as a continuous function. Moreover, to represent the high anisotropy in a fiber-reinforced composite laminate, c f b (ϕ) should have a significant bulge, characterized by c f b , along the fiber direction and decrease sharply to c mt in other directions. There are many ways to construct such a function mathematically. Ghajari et al. (2014) presented an effective approach to construct c f b (ϕ), using an 8th-order spherical harmonic expansion: (20) where P 0 n are the associated Legendre polynomials of degree n and order 0: Ghajari et al. (2014) . This leads to the following expressions:
Substituting Eqs. (22) and (21) into Eq. (20), and then using Eq. (18), the unknown variable c f b can be obtained.
Fig. 4 The micro-elastic modulus distribution for inner-layer bonds
Now, the micro-elastic modulus of a bond can be assembled based on the bond type:
The micro-elastic modulus c of inner-layer bonds is a continuous function in terms of ϕ. In the case of c f b /c mt = 10 (as in most fiber-reinforced composite laminae) the function c (ϕ) is shown in Fig. 4 . A significant anisotropy nearby the fiber direction and a smooth transition of c (ϕ) on [0, π/2] can be observed in the figure. 3.4 The critical bond stretch for the peridynamic laminate model A fiber-reinforced composite laminate possesses significant anisotropy along the fiber direction. Thus, the critical bond stretch of the inner-layer bonds, s 0 (ϕ), is a function of ϕ as the micro-elastic modulus. The critical bond stretch along the longitudinal and the transverse directions is denoted by s 01 and s 02 , respectively. For the inner-layer bonds, the function s 0 (ϕ) can be expressed by the spherical harmonic expansion theory as (Ghajari et al. 2014) :
where P 0 n are the associated Legendre polynomials in Eq. (21) 
The critical bond stretches s 01 and s 02 are peridynamic material constants. In practice, they can be related to engineering material constants as follows (Ghajari et al. 2014) :
where c 1 = c f b + c mt , c 2 = c mt , and G I c1 and G I c2 are the energy release rates for mode I fracture normal to the 1-and 2-axis, respectively. The critical bond stretch for each bond type can be assembled as:
Equation (27) defines the critical tensile bond stretch. If the compressive strength is available, the critical compressive bond stretch can be evaluated by the same process.
The damage indicators for the peridynamic laminate model
Following the common damage definition (Madenci and Oterkus 2014; Silling and Askari 2005) in the peridynamic theory, the damage indicator of a laminate can be split into two parts (similarly to Hu et al. 2015) : the inner-layer damage and the delamination damage according to the bond types, i.e.,
where i = 1 or 2 denotes the inner-layer damage or the delamination damage, respectively, and N i is the corresponding number of neighbor nodes. When the bond to the jth neighbor is broken, μ j = 0; otherwise, μ j = 1.
Numerical examples
In this section, three benchmark examples are analyzed using the proposed peridynamic model to demonstrate its application to the fracture analysis of fiberreinforced composite laminates. The numerical time integration of the discrete equation [Eq. (8)] is performed by the regular central difference method. The standard bilinear shape functions of four-node quadrilateral elements with 2 × 2 Gaussian points per element are used for all examples. The time step is fixed at t = 10 −7 s for all the tests in this study.
Convergence of simulation results for different horizon values and discretization meshes
The horizon in nonlocal theories is often considered as a material length scale. However, it's hard to find determinative values for elastic materials that peridynamics can deal with. The purpose of this benchmark problem is to study the convergence of simulation results for different horizon values and discretization meshes. The cortical bone is a transversely isotropic material like a fiber reinforcement (Ghajari et al. 2014 ). Therefore, this material was selected in the first simulation to study the numerical convergence of a lamina with fiber orientation, = 60 • . In this study, a thin cortical bone plate (0.034 m × 0.033 m × 0.002 m:l × h × t) with a pre-crack, shown in Fig. 5 under tensile loading, is discretized with a single layer based on a quadrilateral mesh. Four meshes are employed, as follows: a coarse mesh with 2400 elements (Fig. 6a) , a medium mesh with 4488 elements (Fig. 6b) , a fine mesh with 9800 elements (Fig. 6c) , and an irregular (Fig. 6d) . For each mesh, three horizon sizes are considered to study the convergence: a large horizon size, 2.07625d-3m (Fig. 7 , circle A), a medium horizon size, 1.6775d-3m (Fig. 7,  circle B) , and a small horizon size, 1.38875d-3m (Fig. 7, circle C) . Combining the various meshes and horizon values, six cases are studied as described in Table 1 . The simulations employ the following material constants (Ghajari et al. 2014 ): E t = 22.836 Gpa, E p = 14.8434 Gpa, υ t p = 0.365, μ t = 5.93 Gpa, G I f = 1045 J/m 2 , and G I m = 565 J/m 2 . To minimize dynamic effects in the numerical simulations, a small vertical velocity, v y = 0.025 m/s, is imposed at the nodes within the red circles in Fig. 5 , which represent the loading pins, and the total applied displacement is 0.17 mm.
We begin by studying the convergence of simulation results for different horizon sizes with the coarse mesh (cases 1, 2, and 3 in Table 1 ). The displacement-reaction force curves are shown in Fig. 8 . The curves show a good convergence at the elastic, failure, and post failure phases. The convergence at the elastic regime is ensured by Eqs. (14) and (18). The performance of the proposed model at the failure and post failure phases is determined by Eqs. (14), (18), (26a), and (26b). Figure 8 demonstrates that when using different horizon sizes a reasonable numerical convergence can be obtained for the same mesh. This conclusion implies that various horizon values can be chosen, and the horizon is a numerical length scale in this model. In practical industrial applications, different meshes, especially irregular meshes, are employed for a given problem. Consequently, the convergence of simulation results for a fixed horizon size with different meshes (cases 3, 4, 5, and 6 in Table 1 ) is studied. The displacementreaction force curves can be found in Fig. 9 . This study demonstrates that with a fixed horizon value, changing the computational mesh has a relatively small impact on the simulation results. The final failure patterns for Table 1 )
Displacement (mm)
ReacƟon force (N) Fig. 9 Displacement-reaction force curves for different meshes (cases 3-6 in Table 1) each of the cases in Table 1 are illustrated in Fig. 10 . The crack angles and crack lengths are very similar in all the cases. A stable crack surface is formed during the dynamic crack propagation process.
Convergence studies for different fiber orientations and discretization meshes
The cortical bone is a transversely isotropic material with a fiber reinforcement. Ghajari et al. (2014) verified, based on experiments, the cortical bone speci- Fig. 11a-c) . The corresponding displacement-reaction force curves are shown in Fig. 12 , for the different meshes and fiber orientations. The numerical results in this example demonstrate that the proposed model can predict the fracture pattern correctly for arbitrary fiber orientations.
4.3 The fracture of a fiber reinforced composite laminate Hu et al. (2014) proposed an experiment to validate a numerical laminate model. The experiment was carried out based on ASTM D5766, where a rectangle laminate with a circular hole at its center was clamped at one end while a longitudinal displacement was imposed at the other end, as illustrated in Because the Gaussian integration is employed in the finite element-based implementation, a coarser mesh can be utilized to reach the same accuracy than in the meshfree simulation. The experimental displacement loading is imposed quasi-statically. Therefore, the loading velocity is set as V = 0.025 m/s to alleviate dynamic effects. The elastic deformation of the specimen is affected by the presence of the hole. A comparison of the elastic deformation of the laminate between the numerical simulation and the experiment is shown in Fig. 14 , when the displacement loading is 0.0003 m. In Fig. 14 , the horizontal direction corresponds to the loading (longitudinal) direction, whereas the vertical direction corresponds to the transverse direction to the loading direction. We observe a similar displacement field between the numerical simulation and the experiment for both the longitudinal displacement (top plots) and the transverse displacement (bottom plots). To provide a quantitative comparison between the numerical and experimental results, we computed the extrema of the displacement field. From this comparison, one can find that the numerical results are in good agreement with the experimental results in the longitudinal direction; the comparison is presented in Table 2 . Along the transverse direction, the experiment shows a non-symmetric pattern due to a low experimental tolerance (Hu et al. 2014) . Hence, only the deformation displacement is compared, which is shown in Fig. 14c, d .
Inner-layer and inter-layer (delamination) damage emerge when the longitudinal displacement loading is u = 0.8 mm as shown in Figs. 15a and 16a . At this stage, the damage is mainly induced by the 90 • lamina. Subsequently, the damage zone propagates along the 90 • and 45 • when the displacement loading is u = 0.805 mm as shown in Figs. 15b and 16b . The damage zone reaches the edges of the laminate when the displacement loading is u = 0.81 mm as shown in Fig. 15c and 16c . At this stage, a strong delamination is observed. Hu et al. (2014) presented an experimental picture of damage at the top laminate surface (see Fig. 17 ), where one can find that the inner-layer damage is mainly located above and below the hole and have a 45 • degree orientation pattern, which fits well the numerical simulation result in Fig. 15c . In Fig. 17 , the delamination can be observed at the longitudinal edge nearby the hole. The same delamination can also be found in Fig. 17 . Unfortunately, the displacement of Fig. 17 is not reported in Hu et al. (2014) , therefore only the damage pattern is compared. The final simulation damage pattern of the laminate is shown in Figs. 15d and 16d when the loading is u = 0.818 mm. Here the complex mixed damage modes are observed. The major damage direction is 90 • with a significant delamination along 45 • at the top ply. At the bottom ply, the −45 • delamination can be observed because of the fiber angle. The numerical results in this test illustrate that the proposed model can capture the right elastic behavior of the laminate as well as the damage phenomena. In Fig. 16 , there are isolated elements because of the failure process. In the experiment, the failure surface is blurred. However, it is too expensive to represent the blurred surface in a simulation. At a homogenized sense, some elements at the severe damage zone will be isolated with increasing damage. Because of the complexity of the mixed damage modes, to the best of our knowledge this problem is very hard to simulate with other numerical methods such as FEM, XFEM, and classical meshfree methods.
Conclusions
Damage prediction in laminates is a long-lasting challenge. The technical difficulties arise from the heterogeneous nature and complex damage modes of a laminate. The peridynamic theory of solid mechanics has an inherent advantage in the representation of these com- (Hu et al. 2014) plex damage modes. This paper presents a bond-based peridynamic model to simulate the dynamic damage process of a laminate.
As opposed to meshfree implementations of peridynamic models (Silling and Askari 2005) , commonly used in the literature, the work presented here is based on a discontinuous Galerkin weak form of peridynamic governing equations. In order to represent the evolving displacement discontinuities, the solution is approximated using the element-wise discontinuous field with regular finite element shape functions. According to the geometric features of a lamina, the laminate is modeled as a sequence of surface meshes. In practice, the mesh cannot always align with the fiber orientation because the fiber direction could be arbitrary. To evade the dependency between the fiber orientation and the mesh, the spherical harmonic expansion theory is employed to construct a continuous function which can represent the anisotropy of a lamina with the offset angle from the fiber. With this expansion function, the laminate material is decomposed into an isotropic matrix material and a transversely isotropic material. The micro-elastic modulus of a bond can be evaluated from the contribution of these two components, based on the equivalence between the peridynamic and classical continuum mechanics elastic energy density. Both the micro-elastic modulus and the critical bond stretch are given by a spherical harmonic expansion to account for the material anisotropy, and they are computed based on engineering constants.
Several numerical examples are carried out to study the convergence and performance of the proposed peridynamic model for a fiber-reinforced composite laminate. The results suggest that this model can capture both the elastic response and the progressive damage phenomena of laminates with arbitrary fiber orientation under dynamic loading.
